
General linear models (not Generalized linear model)

Y (response) is a continuous variable
X (predictor) is a continuous variable
A represents categorical predictors (factors)
g represents groups of data (more on this later)
(+A!× X) - step 1 on an ANCOVA, but not in the final analysis
Multiple factors A! + A" + etc (and their interactions)

Linear Model Common name
Y = µ + X Simple linear regression
Y = µ + A! One-factorial (one-way) ANOVA

Y = µ + A! + A" + A!×A" Two-factorial (two-way) ANOVA

Y = µ + A! + X (+A!× X) Analysis of Covariance (ANCOVA)
Y = µ + X! + X" + X# Multiple regression
Y = µ + A! + g + A!× g Mixed model ANOVA

Y! + Y" = µ + A! + A" + A!×A" Multivariate ANOVA (MANOVA)



Understanding and dealing with 
heterogeneity

Intermediary steps before
going fully mixed…..

…….. model



Let’s start with a problem
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Abstract – Despite many previous studies on the life history of the squid Loligo forbesi, the roles of internal and
external factors in growth and maturation have not previously been investigated in detail. The present study takes
advantage of the availability of statistical techniques, namely generalised additive models, which permit simultaneous
evaluation of the effects of multiple explanatory variables while avoiding the need to assume linear relationships. This
has the further advantage that the size of body parts can be entered directly into the models rather than expressed
as indices (e.g., gonado-somatic index). The present analysis is based on measurements taken from monthly market
samples during 1989-1991 and aims to infer patterns of reproductive and somatic investment though comparison of
large numbers of individuals at different (post recruit) life-cycle stages. Results indicate that, once the effect of body
size is removed, gonad weight in both sexes is affected by month and digestive gland weight, consistent with seasonal
triggering of maturation, and with energy for gonad growth being derived from food. There is also evidence of a
negative relationship between somatic and ovary growth in females, possibly indicating remobilisation of somatic tissue
to grow the ovary. In males, relationships between variables tended to have more complex forms, probably related
to the existence of two or more growth patterns leading to different sizes at maturity. As found in previous work,
maturation begins around 1−2 months earlier in males, suggesting that sensitivity to external triggers is controlled by a
sex-dependent internal factor.

Key words: Life-history /Maturation / Generalised additive models / Squid / Loligo forbesi

Résumé – Tendances saisonnières de l’investissement reproductif et somatique chez le calmar, Loligo forbesi.
La vie du calmar Loligo forbesi a déjà fait l’objet de nombreuses études, cependant l’action des facteurs internes et ex-
ternes sur la croissance et la maturation n’avait jusqu’à présent pas été analysée en détail. Cette étude s’appuie sur une
méthode statistique, en l’occurrence les modèles additifs généralisés, qui permet d’évaluer les effets de multiples va-
riables explicatives, tout en évitant d’avoir à faire l’hypothèse de relations linéaires. Cette méthode possède l’avantage
de pouvoir intégrer directement la taille des organes dans les modèles, plutôt que d’y faire référence à travers des indices
(comme l’indice gonado-somatique ou le rapport poids de la glande digestive / poids du corps). L’analyse, présentée
ici, repose sur des mensurations faites durant la période 1989-1991 et vise à mettre en évidence divers types d’investis-
sement reproductif, à travers l’analyse d’un grand nombre d’individus recrutés et observés à des stades différents parmi
les recrues.

1 Introduction

In common with many squid species, Loligo forbesi
(Cephalopoda: Loliginidae) has an annual life-cycle and is
semelparous (Lum-Kong et al. 1992; Pierce et al. 1994a;
Collins et al. 1995a). Rocha et al. (2001) defined its repro-
ductive mode as “intermittent, terminal spawning”, in which
egg-laying occurs in batches, there is no post-spawning regen-
eration of the gonad and the animal dies shortly after the com-
pletion of spawning.

a Corresponding author: jennifer.smith@abdn.ac.uk

Because of their short life span and rapid growth rates,
cephalopod growth and abundance are thought to be especially
sensitive to changes in environmental conditions such as sea-
water temperature (Rodhouse et al. 1992; Boyle and Pierce
1994; Waluda and Pierce 1998; Waluda et al. 1999; Pierce et al.
2004b). Previous research has suggested that environmental
temperature can influence somatic growth rates and final body
size, both in captivity and in the natural environment, with ac-
celerated growth rates observed with increasing water temper-
atures (Jackson et al. 1997; Forsythe et al. 2001; Jackson and
Moltschaniwskyj 2002; Forsythe 2004).
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Goal: study seasonal variation (patterns) in reproductive and 
somatic tissues (mating is aseasonal).
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Data structure
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Model of interest
Goal: study seasonal patterns in reproductive and somatic tissues.
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seasonal variation
(environmental drivers)?

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Mont) + e

continuous
variable

categorical 
variable
(factor)

𝑒 ~ 𝑁(0, 𝜎!)
continuous
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What component of the model
test for the variation in slopes across 
months?



The assumption of constant residual variance 
(homoscedasticity)
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Understanding 𝑒 ~ 𝑁(0, 𝜎!)
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Understanding 𝑒 ~ 𝑁(0, 𝜎!)



DML

te
st

is
 w

ei
gh

t

Yet another possible sample and the first two possible samples

sampling variation in residual from the same population model

Understanding 𝑒 ~ 𝑁(0, 𝜎!)
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AGAIN

Understanding 𝑒 ~ 𝑁(0, 𝜎!)
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Understanding 𝑒 ~ 𝑁(0, 𝜎!)
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𝑒 ~ 𝑁 0, 𝜎! ~ 𝑁 0, Σ , i. e, HOMOscedasticity

Observation
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VARIANCES OF RESIDUALS 
ARE ASSUMED NOT TO VARY
ACROSS OBSERVATIONS IN 

THE STANDARD REGRESSION 
MODEL

(called fixed variance structure)

homogeneity of variance (all variances 
in the diagonal are equal)



VARIANCES OF RESIDUALS VARY
ACROSS OBSERVATIONS IN THE MODEL

(called variable [non-fixed] variance structure)
wake up

@cjlortie



𝑒 ≠ 𝑁 0, 𝜎! ≠ 𝑁 0, Σ , i. e, HETEROscedasticity

Observation
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ns

VARIANCES OF RESIDUALS VARY
ACROSS OBSERVATIONS IN THE MODEL

(called variable [non-fixed] variance structure)

Heteroscedasticity (variances in the 
diagonal are not equal)

𝜎!"

𝜎""
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sampling variation in residual from the same population model

variance increasing with predictor (DML)

𝑒 ≠ 𝑁 0, 𝜎! ≠ 𝑁 0, Σ , i. e, HETEROscedasticity
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How was variance heterogeneity generated in these examples?

𝑒 ≠ 𝑁 0, 𝜎! ≠ 𝑁 0, Σ , i. e, HETEROscedasticity



How was variance heterogeneity generated in these examples?

plot(X,Y)

𝑒 ≠ 𝑁 0, 𝜎! ≠ 𝑁 0, Σ , i. e, HETEROscedasticity



Going back to the model of interest
Goal: study seasonal patterns in reproductive and somatic tissues

Residuals are highly 
heteroscedastic

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Mont) + e



Going back to the model of interest
Goal: study seasonal patterns in reproductive and somatic tissues.

What are the origins 
(or proxies) of change in 

residual variance?

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Mont) + e



Variance changes as a function of DML
Goal: study seasonal patterns in reproductive and somatic tissues.

What are the origins 
(or proxies) of change in 

residual variance?

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Month) + e



Goal: study seasonal patterns in reproductive and somatic tissues.

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Month) + e

Variance changes as a function of DML x Month (interaction)



Variance changes as a function of DML x Month (interaction)
Goal: study seasonal patterns in reproductive and somatic tissues.

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Month) + e



𝑒 ~ 𝑁(0, 𝜎!)

Variance changes as a function of Month

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Month) + e

This assumption does not hold

If the DML by Month interaction is significant, we know that the 
slopes of DML change as a function of Month (i.e., ANCOVA).

If the slopes for DML change across months, then assuming one 
single slope for all the data will generate
heteroscedasticity, i.e., perhaps residuals
are homoscedastic but only within 
models per month.



76 4 Dealing with Heterogeneity

However, the new notation makes it easier to formulate the variance structure with
different spread per stratum:

εi j ∼ N (0, σ 2
j ) j = 1, . . . , 12 (4.4)

So, we now have var(εij) = σ j
2, and each month is allowed to have a different

variance. The following code implements different variances per stratum for month
and applies the anova comparison.

> vf2 <- varIdent(form= ∼ 1 | fMONTH)
> M.gls2 <- gls(Testisweight ∼ DML*fMONTH, data =Squid,

weights = vf2)
> anova(M.lm, M.gls1, M.gls2)

The output of the anova command is given by:

Model df AIC BIC logLik Test L.Ratio p-value
M.lm 1 25 3752.084 3867.385 -1851.042
M.gls1 2 25 3620.898 3736.199 -1785.449
M.gls2 3 36 3614.436 3780.469 -1771.218 2 vs 3 28.46161 0.0027

We have decreased the font size of the numerical output to ensure it fits the
page. The first two lines in the output are the same as above. The AIC of the model
using the different variances per month is lower. You can also use the command
AIC(M.lm, M.gls1, M.gls2).

Notice that due to the variance structure in Equation (4.4), we now have to esti-
mate 11 more parameters. We discuss below why it is not 12. We also get a log likeli-
hood ratio comparing the variance structures in Equations (4.2) and (4.4). However,
as these models are not nested, it is better not to use the log likelihood ratio. How-
ever, comparing models (4.1) and (4.4) does make sense as they are both nested.
The null-hypothesis is

H0 : σ 2
1 = σ 2

2 = σ 2
3 = . . . = σ 2

12

with the alternative that they are not equal to each other. The R code to carry out
this test and the resulting output is given below.

> anova(M.lm, M.gls2)

Model df AIC BIC logLik Test L.Ratio p-value
M.lm 1 25 3752.084 3867.385 -1851.042
M.gls2 2 36 3614.436 3780.469 -1771.218 1 vs 2 159.6479 <.0001

You can see the log likelihood ratio test indicates that the model with differ-
ent variances per month is better, allowing us to reject the null hypothesis that all
variances are the same. The summary(M.gls2) command gives the different
variances (along with lots of other information).

Variance changes as a function of Month

Specimen 1

Specimen 768

𝑒!"

𝑒<=
𝑒<=

𝑒<=
𝑒<=

Specimen 1

Specimen 768
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.

.
...



Variance changes as a function of Month

How is this variance structure included in the model?
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𝑒!"

𝛽 = (𝑋)𝑋)*+ 𝑋)𝑌

𝛽 = (𝑋)𝑊𝑋)*+ 𝑋)𝑊𝑌

Generalized Least Square GLS variable variance :

Ordinary Least Square GLS 6ixed variance :



How to account for variance differences?
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Variance changes as a function of Month
How is this variance structure included in the model?

𝛽 = (𝑋)𝑊𝑋)*+ 𝑋)𝑊𝑌
Generalized Least Square GLS variable variance :

𝑊 ~ 1/𝑓(Σ)

Σ =

W is the reciprocal of a function of the variance-covariance matrix, but this 
function can take different forms (e.g., square root of residuals) or more 
complex structures. Using the reciprocal, specimens (within months here) with 
large residual will influence less the regression. 



Variance changes as a function of Month &
Weights are set inversely (reciprocal) to that variance

Weights𝛽 = (𝑋"𝑊𝑋)#$ 𝑋"𝑊𝑌

The weight of each individual 
is reciprocal to the residual 
variance of the month in which 
it was sampled.



Contrasting OLS and GLS residual versus predicted plots
Goal: study seasonal patterns in reproductive and somatic tissues.

original model (OLS) GLS Model

predicted values



Q-Q normal residual plots
Goal: study seasonal patterns in reproductive and somatic tissues.

original model (OLS)



Q-Q normal residual plots
Goal: study seasonal patterns in reproductive and somatic tissues.

original model (OLS) GLS Model
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Résumé – Tendances saisonnières de l’investissement reproductif et somatique chez le calmar, Loligo forbesi.
La vie du calmar Loligo forbesi a déjà fait l’objet de nombreuses études, cependant l’action des facteurs internes et ex-
ternes sur la croissance et la maturation n’avait jusqu’à présent pas été analysée en détail. Cette étude s’appuie sur une
méthode statistique, en l’occurrence les modèles additifs généralisés, qui permet d’évaluer les effets de multiples va-
riables explicatives, tout en évitant d’avoir à faire l’hypothèse de relations linéaires. Cette méthode possède l’avantage
de pouvoir intégrer directement la taille des organes dans les modèles, plutôt que d’y faire référence à travers des indices
(comme l’indice gonado-somatique ou le rapport poids de la glande digestive / poids du corps). L’analyse, présentée
ici, repose sur des mensurations faites durant la période 1989-1991 et vise à mettre en évidence divers types d’investis-
sement reproductif, à travers l’analyse d’un grand nombre d’individus recrutés et observés à des stades différents parmi
les recrues.

1 Introduction

In common with many squid species, Loligo forbesi
(Cephalopoda: Loliginidae) has an annual life-cycle and is
semelparous (Lum-Kong et al. 1992; Pierce et al. 1994a;
Collins et al. 1995a). Rocha et al. (2001) defined its repro-
ductive mode as “intermittent, terminal spawning”, in which
egg-laying occurs in batches, there is no post-spawning regen-
eration of the gonad and the animal dies shortly after the com-
pletion of spawning.

a Corresponding author: jennifer.smith@abdn.ac.uk

Because of their short life span and rapid growth rates,
cephalopod growth and abundance are thought to be especially
sensitive to changes in environmental conditions such as sea-
water temperature (Rodhouse et al. 1992; Boyle and Pierce
1994; Waluda and Pierce 1998; Waluda et al. 1999; Pierce et al.
2004b). Previous research has suggested that environmental
temperature can influence somatic growth rates and final body
size, both in captivity and in the natural environment, with ac-
celerated growth rates observed with increasing water temper-
atures (Jackson et al. 1997; Forsythe et al. 2001; Jackson and
Moltschaniwskyj 2002; Forsythe 2004).
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Abstract – Despite many previous studies on the life history of the squid Loligo forbesi, the roles of internal and
external factors in growth and maturation have not previously been investigated in detail. The present study takes
advantage of the availability of statistical techniques, namely generalised additive models, which permit simultaneous
evaluation of the effects of multiple explanatory variables while avoiding the need to assume linear relationships. This
has the further advantage that the size of body parts can be entered directly into the models rather than expressed
as indices (e.g., gonado-somatic index). The present analysis is based on measurements taken from monthly market
samples during 1989-1991 and aims to infer patterns of reproductive and somatic investment though comparison of
large numbers of individuals at different (post recruit) life-cycle stages. Results indicate that, once the effect of body
size is removed, gonad weight in both sexes is affected by month and digestive gland weight, consistent with seasonal
triggering of maturation, and with energy for gonad growth being derived from food. There is also evidence of a
negative relationship between somatic and ovary growth in females, possibly indicating remobilisation of somatic tissue
to grow the ovary. In males, relationships between variables tended to have more complex forms, probably related
to the existence of two or more growth patterns leading to different sizes at maturity. As found in previous work,
maturation begins around 1−2 months earlier in males, suggesting that sensitivity to external triggers is controlled by a
sex-dependent internal factor.

Key words: Life-history /Maturation / Generalised additive models / Squid / Loligo forbesi

Résumé – Tendances saisonnières de l’investissement reproductif et somatique chez le calmar, Loligo forbesi.
La vie du calmar Loligo forbesi a déjà fait l’objet de nombreuses études, cependant l’action des facteurs internes et ex-
ternes sur la croissance et la maturation n’avait jusqu’à présent pas été analysée en détail. Cette étude s’appuie sur une
méthode statistique, en l’occurrence les modèles additifs généralisés, qui permet d’évaluer les effets de multiples va-
riables explicatives, tout en évitant d’avoir à faire l’hypothèse de relations linéaires. Cette méthode possède l’avantage
de pouvoir intégrer directement la taille des organes dans les modèles, plutôt que d’y faire référence à travers des indices
(comme l’indice gonado-somatique ou le rapport poids de la glande digestive / poids du corps). L’analyse, présentée
ici, repose sur des mensurations faites durant la période 1989-1991 et vise à mettre en évidence divers types d’investis-
sement reproductif, à travers l’analyse d’un grand nombre d’individus recrutés et observés à des stades différents parmi
les recrues.
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Goal: study seasonal patterns in reproductive and 
somatic tissues.
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dorsal mantle length (DML; mm)
(proxy for somatic tissue)

month 1

month 2In which month there is more 
investment (proportionally to 
amount of somatic tissues) in 
reproduction?



ANOVA results for GLS model
Goal: study seasonal patterns in reproductive and somatic tissues.

TestisWeight = constant + 𝛽!DML + 𝛽"Month + 𝛽#(DML × Month) + e



Interaction between dorsal mantle length (DML) and month indicating 
clear differences in reproductive investment among months (seasons)
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Interaction between dorsal mantle length (DML) and month indicating 
clear differences in reproductive investment among months (seasons)
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Important points

There many reasons and ways in which residual variance 
can change and the types of function (e.g., square root or 
more complex functions or structures).

We can apply different structures and pick the one that 
best fit the data (next lecture).

GLS per se is not a mixed model as we will discuss this 
issue later in details! But they are really important and key 
to understand variance heterogeneity; and are often used 
in mixed-models.



Next: a quick look into the general goals of a mixed model
using Simpson’s paradox.

“A phenomenon in 
probability and statistics in 
which a trend appears in 
several groups of data but 
disappears or reverses when 
the groups are combined.”

Important enough to have its own Wikipedia page: 
https://en.wikipedia.org/wiki/Simpson%27s_paradox



One feature in ecology is that species often differ in the way they respond to environmental variability. This can be 
well described by the Simpson’s paradox (Simpson 1951), which is defined “as a phenomenon in probability and 
statistics in which a trend appears in several groups of data but disappears or reverses when the groups are 
combined.”

Important enough to have its own Wikipedia page: 
https://en.wikipedia.org/wiki/Simpson%27s_paradox



Fixed effect model



Mixed effect model


