Mean and variance are fundamental: they describe central
tendency and variability and form the basis of most
inferential tools in Biology (e.g., t-tests, ANOVA, regression,

confidence intervals).
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To make inferences about a population while accounting for sampling
uncertainty, we use the sampling distribution rather; not the original population.

Sampling Distributions of Means & Variances in
Inferential Statistics

Population Distribution

" Normal Distribution _
True Mean () \ m
>
True Varlance (o) .. and Random Samples \

Sampling Distribution of the Mean Sampling Distribution of the Variance

Inferential Statistics:
v Confidence Intervals
v P-Values
0 =

OB e T
Sample Mean (x) v/ tTests Sample Variance (0?)
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o  Regression F
mmmn | O A sl :
Confidence P-Values tTests ANOVA  Regression

Intervals

The role of normality in biology: We often work with continuous variables that
are assumed to be “normally” distributed (or other types of distribution) to
derive the sampling distribution of the statistic of interest (mean, variance, etc).

Why is it important to make assumptions about
statistical populations of interest?

=il o[RS > Uses repeated sampling to model the expected
variability of sample values (probabilities) in

! S o
a statistical population.
3ozt ez bl e > Helps derive the sampling distribution
L \ used in confidence intervals and
H hypothesis tests (Lecture 3).

- A [yfldde=li88 Repeated sampling only works under
specific assumptions about the population!

L Statistical inference relies on our assumptions about the population!




To make inferences about a population while accounting for sampling uncertainty,
we use the sampling distribution rather; not the original population.

Property of the Mean as an Estimator

The mean of all possible sample means (the sampling distribution) always equals
the population mean — regardless of the population’s shape.

Population Al possible samples of size n = 2 (with replacement)

Values: 1,2,3,4,5 (Order does not matter: (1,2) = (2,1))

Populationmean: =30 | Sample  Mean  Sample  Mean  Sample  Mean
an 1o 15 23)25 25 (2325 40

et @22)20] 20 3) 20} 25 (24)30 35
(33)30 25 (425 35 | (3435 40

E0s2 0 5.0 3.0 (44)40 30 (1,5) 3.0 (35)40 45

2.0+ 25+30+

e Total number of samples: 15

1.0+2.0+3.0+4.0+50+1.5+2.0+2.5+3.0+2.5+3.0+35
Why this works | = The overestimates and underestimates balance perfectly. |

® 6 sample means < y (red)
® 3 sample means =  (black)
@ 6 sample means > p (green)

The sample mean is an unbiased
estimator of the population mean.
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To make inferences about a population while accounting for sampling uncertainty,
we use the sampling distribution rather; not the original population.

Why sampling properties of estimators are important?

The mean of all possible sample means always equals the population mean,
regardless of the population’s original distribution.

(normal, uniform, asymmetric, etc.)

The sample mean is an unbiased (“honest”)
estimator of the true population mean.
“Honest” means equals the true value on average.

0 Critical for inference: In the long run, conclusions based on sample means
are centered on the truth, avoiding systematic bias.

. S

[ O An unbiased estimator provides accurate estimates on average! —]

The mean and the variance are fundamental statistics

Sampling Distributions of Means & Variances

Population Distribution

Yy -

Normal Distribution

True Mean (u) \ W

True Variance (0?) Jﬂ”uuﬂ]lLJlﬂlld
/‘\,,, ook e J\

Sampling Distribution of the Mean Sampling Distribution of the Variance
0 I " = 0 3
Sample Mean (%) Sample Variance (s?)
Distribution of Sample Means Distribution of Sample Variances
Sample  Mean | Sample  Men | Sample  Mean
v s @p2s 25 @dzs 40
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Properties of the mean: the sample mean is an unbiased estimator of the
population mean, and robust to departure of population distribution

Assuming random sampling, the sample mean is an unbiased estimator of the
population mean, regardless of the shape of the population distribution (normal or
not).

When the population is normally distributed, the sampling distribution of the mean
is normal for any sample size.

When the population is not normal, the sampling distribution of the mean becomes
approximately normal as sample size increases.

Population Sapesi v apetion o bl o 10 (1511211 o)
o 15543 o]
80
z
2 - . ues
2
g $a0 Wean of a sampies
. 20 n=4
Values 0
Py . . N . 28 a8
Original distribution (uniform) samplo moans X
of the population; it’s called Sample distribution
marginal distribution (normal) of means
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Properties of the variance: the sample variance is an unbiased estimator of the
population variance, but it is fragile to departures from the assumed
population distribution.

For normally distributed populations and assuming random sampling, the mean of all
sample variances is the variance of the population (provided we use the unbiased
sample variance).

The sample variance is an unbiased estimator of the population variance, regardless of
the shape of the population distribution (normal or not).

When the population is normal, a scaled version (not shown here) of the sample
variance follows a chi-squared distribution.

When the population is not normal, the sampling distribution of the variance has no
simple form though often remains skewed, even for large sample sizes. And this
behaviour affects inference based on samples.

When populations depart strongly from normality, confidence intervals for the mean
(which requires sampling distribution of variance) may not achieve their nominal
coverage (e.g., 95% may become 93% or 97%), and hypothesis tests may exhibit Type |
error rates that differ from the chosen significance level (e.g., 0.05 or 5% may become
0.03 or 0.07).

To make inferences based on uncertainty, we need the sampling
distribution — not the original population

Sampling Distributions of Means & Variances in
Inferential Statistics

Population Distribution

A

Normal Di

True Mean () \l I N

.... and Random Samples

True Variance (02)

N\

Sampling Distribution of the Variance

Inferential Statistics:
v Confidence Intervals
v P-Values
s

v t-Tests
v/ ANOVA

Sampling Distribution of the Mean

x » x
Sample Mean (x) Sample Variance (0?)

i M&gvessiun F
= | A Ah il |
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Why sampling properties of estimators are important?

The sample variance is unbiased even under moderate
departures from normality.

In practice we rarely know when this robustness holds. For this
reason, many statistical procedures that rely on variability (e.g.,
t-tests, ANOVA, and regression) explicitly assume normality.

2026-01-22
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Why sampling properties of estimators are important?

Normality ensures that test statistics (such as t and F) based on
sample values can be validly compared to their theoretical
sampling distributions (e.g., under Hy or around sample values)
allowing p-values to be correctly calculated.

While some simple statistics (e.g., proportions) rely on a single
observed value for inference (confidence intervals and p-values),
others (notably means, e.g., t-tests, ANOVA, regression) depend
on the proper behaviour of the sampling distributions of both
the mean and the variance.
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How common is the normal distribution in nature?
“Normality is a myth: there never has, and never will be, a normal distribution.” Roy C.
Geary (1896 - 1983).

This is because a normal distribution is a mathematical idealization:
it is continuous, perfectly symmetric, and defined over an infinite range, whereas real
biological data are finite, bounded, discrete, and shaped by biological constraints.

But many biological variables are approximately normally distributed (i.e., their
distribution is close enough to normal for standard statistical inference to work well).

Properties of the Normal Distribution

Mean ()
=

Bell Shaped Curve
Normal Distibut
“Gaussan Curve”

"~ 68% wuninsto
“Empiical Rule”
95% Within =20
99.7% Wit 30

Total Area =1 — Symmetrical ——
100% of Data Never touches the s
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How common is the normal distribution in nature?

The normal distribution is a statistical model used to derive sampling
distributions, not a literal description of most real populations.

There is only one way to be perfectly normal, but infinitely many ways to
deviate from normality. Nevertheless, the normal distribution often
provides a good approximation for many biological variables.

Importantly, key estimators such as the sample mean and variance are
often robust to moderate departures from normality.

The above makes normal-based methods effective for approximately
normal populations, but this robustness cannot be assumed in all cases.

2026-01-22
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Degrees of Freedom: Why They Matter
for Unbiased Estimation

AVOID BIAS

NEXT EXIT N

14

Why Corrections Are Needed for Unbiased Estimation:
The Role of Degrees of Freedom

?ZI(YI: - Y)Z
n—1

SZ

_ ?ZI(YI: - Y)Z
n

Why is the sample standard deviation calculated by dividing the sum of
the squared deviations from the mean divided by n— 1 and not n?
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Let’s use a computational approach to examine the performance
of two estimators of the population variance

1 below is the population mean 2
(often unknown) 0°=100; 0=10

# Generate many samples
samples <- replicate(1e6, rnorm(n = 30, mean = 350, sd = 10))

# Two variance estimators
var_pop_mu <- function(x, mu) sum((x - mu)”2) / length(x)
var_sample_mu <- function(x) sum((x - mean(x))"2) / length(x)

# Apply estimators
v1 <- apply(samples, 2, var_pop_mu, mu = 350)
v2 <- apply(samples, 2, var_sample_mu)

V)2
2 _ Z? 1(Yl. _H)Z 2 ?:1(Yi _Y)
S n
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Complete code (if you’re curious)

[samples <- replicate(1000000,rnorm(n = 30, mean = 350, sd = 10))

# Variance using the TRUE population mean (u known)
var.based. popMean <~ function(x, mu) {sum((x - mu)~2) / length(x)}

#
vi

Variance using the sample mean, divisor (biased)
r.b

ar.based.n <- function(x) {sum((x - mean(x))~2) / length(x)}

# Apply estimators across samples

sample.var.based.Pop <- apply(X = samples,MARGIN = 2,FUN = var.based.popMean,mu = 350)

sample.var.n. instead <- apply(X = samples,MARGIN = 2,FUN = var.based.n)

boxplot(sample.var.based.Pop, sample.var.n. instead,outline = FALSE, col
= "n",ylab = "Sample variance",main = "Bias in variance estimation"

axis(1,at = c(1, 2),labe c("Known p", "Estimated p (divisor = n)"))
# Add means

points(x = c(1, 2),y (mean(sample.var.based.Pop), mean(sample.var.n.ins
pch 9,cex = 1.5,col = "black"

)

# True population variance (
abline(h = 100, lty = 2, U

legend("topright”,legend = c("Mean of estimator", “True variance"),p; (19, NA),
Tty = c(NA, 2),lwd = c(NA, 2),bty = "n")

17

8 : -
o] |
g 8 1 |
5
B 8 1-leme
]
e ‘ ’ i
! | The mean of s for the estimator
8 ‘ ! based on the population mean
2 ' divided by nwas unbiased (i.e.,
— ! pretty much the population o?; it
T T would have been exactly a2 =100
Known p Estimated p (divisor = n) with infinite sampling); whereas
the estimator based on the sample
Y divided by nwas biased.
st =
n
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Note the asymmetry of the sampling distribution of
variances.

The variance is unbiased when based on p but
biased when based on Y. Remember: unbiased
expectations are based on means and not medians.

n (y — Y)Z
i=1\1i
st =
n 2 n
2 _ 2 —w s 7 .
5% T — . i
| n ot i i
0 s 100 150 20 20 30 0 % 1 1% 2 /0 0
sample variances sample variances
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But in most (if not all) cases one doesn’t know the parameter
value u (true population mean).

0.2
SZ — ?=1(Yi _l‘l)z é ‘
n 2
g
52 — ?=1(Yi _Y)z ?
n
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There is a correction factor for the sample bias in s? called
Bessel’s correction (It appears that Gauss had already introduced
this idea in 1823).

2
ST = n (Y- _17)2
2 _ =1\"1
Z?:l(Yi _l’l)z E S - n— 1 é
n

_ ?—1(Yi _7)2

§2 === -
n

https:/mathworld.wolfram.com/BesselsCorrection.html
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Let’s use a computational approach to verify the quality of
the three estimators (i.e., sample based):

=10 ~ ¢%=100

Sz — Z?:l(yl - ”)2 SZ _ Zr:l(yl. - Y)z SZ — Z?:l(},l - Y)Z
n - n—1 n
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1

sample variance

40 60 80 100

Known Estimated j (n) ~ Estimated i (n = 1)

The sample based on the
sample mean divided by
n-1is unbiased!

§2 = Z?=1(Yl —H)Z

n
¢ & s = Znl TV P 1k

n n-1
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BUT WHY?7??

Why is the sample standard deviation calculated by dividing
the sum of the squared deviations from the mean divided by
n—1and not n?

P O O O /A 0%
N n—1 B n
é But why? %
24



You don'’t need to know the mathematical details—but it’s useful to

know that this theory has been worked out for us.

Proof of Bessel's Correction

I
DR
I

vz

$Ea- g ek Source: http://gregorygundersen.com/blog/2019/01/11/bessel/
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Let’s take a break - 1 minute
26
<le A “one-slide” discussion on experimental
gle versus observational studies
£ ®
4 Experimental study
g °® °®
5 ® o
2 ®
[2)
Lizard density (numbers/m?)
£
g [ ]
€ oo Observational study
£ ° °
2z °
3 °
&
Lizard density (numbers/m?)
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COMPARING THE MEANS OF THREE OR MORE
GROUPS (often called treatments or levels in
experiments)

A REALLY QUICK REVIEW OF THE
ANALYSIS OF VARIANCE (ANOVA)

po

ANo VA
S pu sy ?
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THE ANALYSIS OF VARIANCE (ANOVA) for
comparing multiple sample means (groups)
The problem about “The knees who say night”
By Whitlock and Schluter (2009)

OR

“Bright light behind the knees is just bright light behind the knees”
http://www.genomenewsnetwork.org/articles/08 02/bright_knees.shtml

Ex Circadian Pt
in Humans

Scott S. Campbell* and Patricia J. Murphy

Ph 1 and behavioral rhyth ied by an end

by measurement of body temperature and melatonin concentrations throughout

the knee). A systematic relation was found between the timing of the light pulse and the

curve. These findings challenge the belief that mammals are ncapable of extraretinal
treatments for sioep and circadian ythm disorders.
SCIENCE * VOL. 279 * 16 JANUARY 1998

Data challenged as subjects were exposed to light while knees being illuminated
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Our core body temperature is around 37°C but it fluctuates by about 1°C
or so throughout the night.

The drop in temperature starts about two hours before you go to
sleep, coinciding with the release of the sleep hormone melatonin.

ircadi 37.4,A Regular sleep
Extraocular Cuic:ﬂ:;:::wmnsdu:nun of one participant
S oot ot Pt Wity S wall. |
& ?
i X g 370 By
E 368 AN ]
2
B8 366
3
364+
1800 2100 2400 0300 0600 0900 1200
37.8 L
~ Delayed sleep of the
g 976 ub\ﬂ‘ same participant
Example of a delay in circadian phase in response 1o a 3 £ e %, induced by light
hour bright light presentation to the popliteal region. Light T s
was presented on one occasion between 0100 and 0400 -
onnight 2 in the laboratory (black bar) while the participant g a0 ¢
(a 29-year-old male) remained awake and seated in a dimly z
lit room (ambient illumination <20 lux) ] %38
3664
1800 2100 2400 0300 0600 0900 1200
The circadian phase was determined by fitting a Time of day
complex cosine curve (dotted line Phase delay = 3.06 hours

The resulting phase delay was 3.06 hours

30
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http://www.genomenewsnetwork.org/articles/08_02/bright_knees.shtml

THE ANALYSIS OF VARIANCE (ANOVA)
for comparing multiple sample means (groups or treatments)

Absence of Circadian Phase
Resetting in Response to Bright

o Light Behind the Knees
c= o) Kenneth P. Wright Jr.* and Charles A. Casister
] 8 <
’g % o0 ] New study challenged the original
B £ g Oi o} study (Wright & Czeiler 20(_)2): )
S5 | 2 8 o subjects were exposed to light while
= s 8 o knees being illuminated by original
RN study.
S| 8 o
gs |5 8
cBle - o 22 people randomly assigned to one
z 2 £, ° of the three light treatments.
8 © Do these means come from the
OE same statistical population, i.e., do
o these samples only differ from each
. . s other due to sampling variation?
Strip chart Light treatment (3 hours long)
200w dc
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THE ANALYSIS OF VARIANCE (ANOVA)
for comparing multiple sample means (groups or treatments)

Ho: The samples come from statistical populations with the same
mean, i.€., teontrol = Minee = Heyes-

Ha: At least two samples come from different statistical
populations with different means.

32

THE ANALYSIS OF VARIANCE (ANOVA)
for comparing multiple sample means among groups (also called
treatments or treatment levels)

Ho: The samples come from statistical populations with the same mean,
i-e., Heontrol = Hknee = Heyes-

Hp: At least two samples come from different statistical populations
with different means.
Which is to say:

Ho: Differences in means among groups are due to sampling
error (sampling variation) from the same population.

Ha: Differences in means among groups are NOT due to
sampling error (sampling variation) from the same
population.

Remember: Sampling error is due to sampling variation, i.e., samples that come from the same
statistical population may differ in their means just due to chance alone.

33
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We need a test statistic that is sensitive to mean variation across multiple groups
(or treatments): The F statistic does that by considering the ratio of two variances
(variance components):

Means among groups are much bigger in A than B;
residuals variation is similar across treatments in both A than B. Notice the
differences in their Y-scales (the mean differences among groups is huge in A).

14078.0 47.41
Fp = - 2456.90 Fg = e 13.03
. a [e]
g |A g 34{B° o g
El > ? 9
2 3
é» é 5 %
8 g
T, g o
£ S
E S
L
il T2 T3 T T2 T3

Fictional treatments

Fictional treatments
Note that scales (Y-axis) are different
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HETEROSCEDASTICITY reduces the F-ratio ability to
differentiate among differences in means among groups

Means among groups are somewhat similar in A than B;
A is homoscedastic B heteroscedastic

_ 14078.0 12275.0
2179

= 2456.90 Fg = = 56.34

ATTETT

75A g

Fictional response values
Fictional response values

1 T2 T3
Fictional treatments Fictional treatments

Note that scales (Y-axis) are now equal

35

Verbal representation of equations
Let’s talk ANOVA “jargon”

variance among group means (due to “treatment”)

variance within groups (caller error or residual variation
not explained by the mean within groups)

Group Mean Square MSgroups

Error Mean Square MSerror

The F-statistic compares signal to noise by contrasting
between-group variation with within-group variation.

36
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The F statistic measures the variance among groups
but accounting for the variance within groups

|
—
B3RS

M Serrors
(w=within groups)
Error Mean

Square

(b=between or among) 2 n[ (il _i)z

i=1

g-1—

The F statistic in the ANOVA
Group Mean Mean of each Total mean! context is so important that is
Square group more than worth knowing
MSgroups g 7 how it works!

Degrees of freedom of MSgroups

37

The F statistic measures the variance among groups
but accounting for the variance within groups

(b=between or among) 2 n (il _i)z
i

=1

The F statistic in the ANOVA
Group Mean  Mean of each Total mean! context is so important that is
Square group more than worth knowing
MSgroups < / how it works!

Degrees of freedom of MSgroups

2

T e

- SZ - g Variance of each group
w 2(1’1 —1)5_2 7 Big “N”; sum of all
-1 ! ! sample sizes
MSerrors = across groups
(w=within groups) £ 1 7 Number of groups
Error Mean 2 (ni - ) - :MDegrees of freedom of MSgroups

Square i
. =l ~ Sample size of each group

38

The F-statistic compares signal to noise by contrasting between-group
variation with within-group variation. When variances are equal across
groups (homoscedasticity), the within-group variance provides a stable and
efficient estimate of background noise, allowing true differences among
means to stand out clearly.

Heteroscedasticity makes some groups so noisy that the test treats all
differences among means as less reliable.

14078.0 12275.0
A= =g = 245690 Fp = oo = 5634
B
H Ee b5
G Y o

Fictional treatments Fictional treatments.

Note that scales (Y-axis) are now equal

39
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A small example: worth doing it “by hand”!
Let’s suppose two groups for simplicity!
group 1
14 N
s |
= o
Xi=3.0 104 ©
8 8
=25 E
1 (; 6 - O
) 491 ,°
group . o
T T
X:=12.0 1 2
£=25 group
40
g:12345 Xi=3.0 X,=12.0
g,:1011121314 512:2.5 S22=2.5
1
= i
X = (1+2+3+4+5+10+11+12+13+14)/10 = 7.5 i
MSgroups= variance among group means (due to “treatment”) i
roups’ 1
1
= (5x(3.0 - 7.5)2 + 5x(12.0 - 7.5)2)/(2-1) = ]
202.5/(2-1) = 202.5 Mean of each group  Total mean!
OMSgaud =21 _ ] i"&~;Y
= Msgroups
s og—1
F= ST— n riance of each group
_ 202.5 —777 v ;(nl ~1)s? Big s umof
777 HA— o
D0, -~ =(N-g)
i=l
41
g:12345
g,:1011121314
Sa X X
- g=1
Sone " spamen - —
':'g stGZSQvouos MSerror Xi1=3.0 X,=12.0

=

2, =) =(N-g)

$$=25 $2=25

df(MSerror) = N-g = 10 -2

-8

MSeror = Variance within groups (residuals)
MSE; = (1-3.0)%+(2-3.0)2 +(3-3.0)% +(4-3.0)? +(5-3.0)2 = 10

MSE,= (10-12.0)2 +(11-12.0)? +(12-12.0)? +(13-12.0)? +(14-12.0)2 = 10
MSerror = (MSE; + MSE;)/(N-g)=(10+10) / (10-2) = 20/8 = 2.5

42
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X = (1+2+3+4+5+10+11+12+13+14)/10 = 7.5
MSgroups=

= (5x(3.0- 7.5)2 + 5x(12.0 - 7.5)2)/(2-1) =

2026-01-22

202.5/(2-1) = 202,5

df(MSgroups) = 8- 1= 2-1 \

202.5

2.5\

MS.,ror = Variance within groups (residuals

MSE; = (1-3.0)2+(2-3.0)2 +(3-3.0)2 +(4-3.0)2 +(5:3.0)2 = 10

MSE,= (10-12.0)2 +(11-12.0)2 +(12-12.0)2 +(13-12.0)

14-12.0)2=10

MSerror = (MSE; + MSE,)/(N-g)=(10+10) / (10-2) = 20/8 = 2.5

df(MSero) =N-g=10-2=8

43
Let’s take a break - 1 minute
44
LET’s go back to the “The knees who say night”
A B data in a csv file
treatment shift
control 053
control 036
control 02 o
control 037 Q o
control 06 — o
zo o
control -0.64 =
control -0.68 £ O} O{
control -1.27 E 8 o
knee 073 = g 8
knee 031 8 1 o
knee 003 K] o
knee 0.29 £ 8
knee -0.56 g o
knee -0.96 =
knee -161 £ 2 o
eyes 078 @
eyes -0.86
eyes 135
eyes 148 o
eyes -1.52 control knee eyes
eyes -2.04 Light treatment
eyes -2.83
45
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“The knees who say night”

Statistical Conclusion?

Ho: The samples come from the same
population.

Ha: At least two samples come from
different populations.

2026-01-22
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“The knees who say night”

l ANOVA Table — reporting quality

Sourceof  Sum of Mean F P
variation  squares df square

Between 7.224 2 3.612 7.289 0.00447
Within 9.415 19 0.496

Remember that the calculations

Remembering the role of degrees of freedom

Source of  Sum of S Mean F P

variation  squares df square

Between 7.224 2 3.612 7.289 0.00447

Within 9.415 19 0.496
of sum of squares (as in
variance) involve subtractions
from means so that they would
be biased if not divided by
adjustments (degrees of
freedom) to produce mean
square deviations.

48
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“The knees who say night”
ANOVA Table

Source of  Sum of Mean F P

variation  squares df square

Between  7.224 2 3.612 7.289|  0.00447

Within 9.415 19 0.496
Ho: The samples come from l
the same population.
Ha: At least two samples Reject HO

fi diff t
come from dirieren How does the ANOVA
populations. g
significance test work?
49

How can we conceptualize the construction of the F distribution?

The statistical “machinery”:

1) Assume that Hy is true (i.e., samples come from the same population;
i.e., population having the same mean and same variance).

2) Sample from the population the appropriate number of groups
(samples) respecting the sample size of each group.

3) Repeat step 2 a large (or infinite) number of times and each time
calculate the F statistic.

50

The F (sampling) distribution assuming that Hy is true

Hy: Differences in means among groups are due to sampling error from
the same population.
§

~
1
o
[/\ﬂh
= =
=
=, Il
Probability density
o

02 04

00

Fvalues

Sample from the same
(normally distributed)
population (i.e., assume
that Ho is true),
respecting the original
number of groups and
their sample sizes.

adian thythm (h)

iid 3 Control: 8 observations
=1 Eyes: 7 observations
Knee: 7 observations

conrol eyes Knee

Light eatment

51
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The F (sampling) distribution assuming that Hy is true

Hy: Differences in means among groups are due to sampling error from
the same population.
H

Different number of
groups and different

 g-1 number of
& 2 observations per group
PUCE, _

= generate different

S shapes for the F

-1
;(n, )’ distribution.
25

T : " H 2 d

Sample from the same s 41300 900
(normally distributed)

population (i.e., Ho is 1

true), respecting the 05

original number of groups \ig\_E

and their sample sizes. % 1 2 3 4 5

52

The F distribution assuming that Hy is true (i.e., the sampling
distribution of the test statistic F when H, is true).

25 ;
d1=1, d2=1 ——
2 do=1 ——
2 , 0272 e
d1=10, d2=1 ——
15 d1=100, d2=100 d Mean of each group Total mean!

df,

g =
¥ n,(Xi-X)?
05 . = /
N S: g ~1

Variance of each group

s

Z(n ~1)s? Big “N’; sum of all
" ! ! sample sizes

= across groups

°
°
~
w
IS
uw

Il

I

The numerator degrees of freedom is & 4

based on the number of groups (g-1) 2(“, -1) - =(N-g)

and the denominator degrees of i=l

freedom depends on the total

number of observations (N-g) df
2
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ANOVAis a
one-sided
(one-tail) test
by design
Degrees of Observed ~ P-value
freedom F-value
(observed test e
statistic) -
Ho: The samples come from statistical 24
populations with the same mean, i.e.,
©
Hcontrol = [knee = Heyes. S
Ha
Ha: At least two samples come from .
different statistical populations with
different means. ~
o HO

The probability of rejection of Ho (P-value) is ?s(\maled o | 99.553% 0.447%
as the number of F-values in the null distribution equal s 4 T T T T T
or greater than the observed F-value (i.e., one tailed-
test). 0 2 4 6 8 10
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THE ANALYSIS OF VARIANCE (ANOVA)
for comparing multiple sample means (groups or treatments)

Ho: The samples come from statistical populations with the
same mean, i.e., Ucontrol = Hknee = Heyes-

Ha: At least two samples come from different statistical
populations with different means.

Shitin circadian rhythm (h)

Statistical conclusion: Light
treatment influences shifts in
circadian rhythm.

o Research conclusion: Light
treatment influences shifts in
° circadian rhythm.

control knee eyes
Light treatment

2026-01-22
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ANOVA

Assumptions are the same as for the independent two sample t-test:

- Each of the observations is a random sample from its population
(whether they are the same or different populations).

- The variable (e.g., shift in circadian rhythm) is normally distributed
in each (treatment) population. More on that in another lecture.

- The variances are equal among all populations from which the
treatments were sampled (otherwise the F values change in ways
that may not measure difference among means). More on that in
another lecture.
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“The knees who say night”

HO: Mcontrol = Mknee = lJeyes
Ha: at least one population mean (p) is different from
another population mean or other population means.

Conclusion?
Significant, but how?

How do we know which group means differ from one another?

Why not simply not contrast all pairs of means using a two-sample mean

t-test?
Control vs. knee; control vs. eyes; knee vs. eyes?

More later in the course!
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